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The method of [1, 2] is used to consider  the heating of a thin semii~fln!te rod  f rom the end, 
this being unevenly cooled on the s ides;  the bas is  of the method is presented .  

Consider the problem 

Ot Ox" ~ V(x) T(x, t) = 0 ;  x>/0 ,  t > 0 ;  (1) 

T Ix=o = To (t); (2) 

T Ix=| = O; (3) 

T It=0 = 0. (4) 
We have to find the t empe ra tu r e  gradient  at  the end of the rod % = ( 0 T / a X ) x =  0 (this quantity at once d e t e r -  
mines  the heat  flux). 

This  formula t ion  (which does not r equ i re  the t empera tu re  dis tr ibut ion to be derived) is v e r y  f r e -  
quently encotmtered in applied s tudies ,  but to solve it by t radi t ional  techniques one has to find f i r s t  of all 
the value of T(x,  t) for  each instant  and each point in the rod.  The proposed method enables one to d e t e r -  
mine %(t) without solving (1)-(4) complete ly .  We r e p r e s e n t  (1) as a product  of two ope ra to r s :  

I - - m  I - - n  

~-" Ox a,  (x) t - ,  Ox 
,,---o Ot 2 .=0 Ot" 

each of which is dependent only on the f i r s t  der ivat ive  with r e s p e c t  to x; h e r e  bm and an a re  unknown func-  
t ions.  The ope ra to r s  for  the fract ional  der iva t ives  a re  defined as  follows [3]: 

t 

d"f (0 _ l ~ ~ f ('O(t - ~)-~ d-r; - -  ~ ,  < v < I. (6) 
d: r (1 - -  v) dt J 

O 

F o r  v < 0 we integrate (6) by par t s  to get another  form for  the definition: 
t 

d7 (t) __ 1 I f (x)(t - -  ~)-~-~d~. (6a) 
d :  r ( - - v )  

The following re la t ionships  apply for  the f~acttonal der iva t ives  of (6): 

d ~ d v+j' 
dt ~ d t ~  f ( t ) _  dt,+____-ff- f(t), v , p , < l ,  v - , t - r t < l ;  (7) 

d' t(t)  e ( t )  = f::~ dr'-" : 
n=~,O 

~"t____~ ~ - ro~-.'-l) :,_,., 
at" I" (~. -- 1 --v) 

d~ f(t) = pVF(p) 
d f  

(a bar  denotes the Laplace  t rans format ion  with r e s p e c t  to t). 
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Frac t iona l  d i f ferent ia t ion is f am i l i a r  in ana lys i s ;  the in tegra l s  of (6a) have been cons ide red  in detail  
in many  works  [4, 5]. A deta i led s u r v e y  of the h i s to ry  of f rac t ional  d i f ferent ia t ion in the nineteenth century  
is  to be found in [8]. The opera t ion  is f requent ly  used  in inexplici t  f o rm ,  as  in t r a n s f e r r i n g  in Lap l ace -  
t r a n s f o r m  space  ff one u se s  the ope ra t o r  pV (v f ract ional) .  

The language of f rac t ional  d i f ferent ia t ion is  m o s t  convenient  for  p resen t ing  the p r e s e n t  method,  which 
cons i s t s  as  follows. We mul t ip ly  the o p e r a t o r s  in (5) and use  the p rope r ty  of  {7) to equate the exp res s ions  
for  identical  powers  of the de r iva t ives  to the co r respond ing  exp re s s ions  in (1), which g ives  us a s y s t e m  of 
r e c u r r e n c e  re la t ionsh ips  for  an and bn. We find that  a n = b n, a0 = 1, a 1 = 0 and 

2a,. ---- 7 (x), 

2a 3 ---- a~, 

2a 4 = a 3  - -  a2, 

2a~ = a ' 4 -  a~a 3 - -  a3ao., (11) 
. . . . .  �9 �9 . . . . . .  

n - - 4 '  

2iln : an--1 - -  ~ ah%2ao_k_2, 
k = O  

We now cons ide r  the equation fo rm ed  by the r igh t  f ac to r  of the ope ra to r  in (5): 
| - - n  

a,, (x) 1-~ Ox T = 0. (12) 
n=b~ O t  2 

I t  will  be shown below that  this equation has  a solution sa t i s fy ing  (2)-(4) subjec t  to ce r t a in  r e s e r v a t i o n s ;  
this  is the bas ic  content  of the method.  The equation is uf f i r s t  o rde r  in x, and the r igh t  fac tor  has  so lu -  
t ions that  au tomat ica l ly  sa t i s fy  the condition of being bounded a t  infinity, and so one can cons ider  (12) in 
what  follows in p lace  of (1). Th is  is  v e r y  much m o r e  convenient  for  the p r e s e n t  p rob l em,  since it  enables  
one to de t e rmine  the flux a t  the boundary of the reg ion  d i rec t ly .  

I f  the s e r i e s  in (12) converges  un i formly  in t, we apply a Laplace  t r an s fo rma t ion  with r e s p e c t  to t 
to (12) and use  (10) to get  

a,~ (x) p 2 + --~-x = 0 .  

The  l a t t e r  can be in tegra ted ,  and condition (2) is  me t :  

:= To (p) exp [ - -  l a,,(x) p 2 dx].j (13) 
0 n=:O 

If  we have 

lJm] aN(x), } >t  (14) 

for  all  x for  p > p*, then the s e r i e s  in (13) conve rges  absolu te ly  and uni formly  for  all  p > p* and r e p r e -  
sen ts  a solution to (12) in ope ra t o r  f o rm .  Then there  ex i s t s  an or ig inal  for  T(x,  p) for  all  0 < t < ~ :  the 

solution to (13) sa t i s f i e s  also (3) ff l im ~ an(x)p(1-n)/2> 0 (Re p > 0), which is t rue ,  for  ins tance ,  for an 

ana ly t ica l  y(x) such that  lira y(x) = eonst  _> 0; condition (4) is a lso sa t i s f ied  ff T0(0 ) = 0, s ince 

tim T (x, t) = lira T (x, p) =~ lira PTo (P.) exp [-- ]#px .... 0 (1/[#~)] 

for  all  x (checks on p a r t i c u l a r  examples  show that  the method gives a c o r r e c t  r e s u l t  a lso  for  T0(0) = const).  
As the solution to (12) is a lso  a solut ion to (1) under  the above condit ions,  then (13) will be  s imul taneous ly  
a solut ion to (1)-(4) in o p e r a t o r  f o r m .  

I f  (14) is  m e t ,  the s e r i e s  in (12) converges  absolute ly  and uni formly  for all  x and t; the definition of 
(6a) indicates  that  for  v < 0 one can use  the t heo rem on the m e a n  to obtain an e s t ima te  for  the f ract ional  
de r iva t ive  of the bounded function 
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t - V  
! O"T < sup I T i (15) 

Ot ~ , " F (1 - -  v) 

I f  T It=0 = 0, we in tegra te  (6) by p a r t s  and apply the t heo rem on the mean  to get 

O'"eT ..< sup ] A T I  V'[ (15a) 
i 0 7 2 .  ] I Ot  ,I F(3 . .2 )  " 

As T and 0 T / a t  a r e  bounded for  a bounded T0(t), as  (13) shows,  the s e r i e s  in (12) converges  be t t e r  than 
the absolute ly  and un i formly  convergent  s e r i e s  

sup OT i 1/7- sup IT i ~ ( P * ) - " ' e  

r , - - I  

t '2 

I t  follows f r o m  the e s t i m a t e s  of (15) that  de r iva t ives  of  o r d e r  v __ 1 / 2  a r e  continuous in t for  t - -  +0 for  
T0(0) = 0; a l so ,  the quanti t ies  an(x) a r e  continuous for x = +0 for the analyt ical  function T,  so we cons ider  
the l imi t  of (12) for  x - -  +0 to wr i te  down at  once the solution to the prob lem in the fo rm 

I - - n  

~ " ,,,, a-T-To (t) (16) 
- -  qo ( t )  = u ' ~ t v l  - I - ~  " 

a = O  d ~  2 

Then the der iva t ion  of %(t) for  an a r b i t r a r y  y(x) amounts  to de te rmin ing  an(0 ) f rom (11); we enumera t e  
again  the conditions under  which the proof  has  been der ived:  1) T0(t) is a bounded dlfferent lable  function 
such that T0(0) = 0; 2) T(x) _> 0 is analyt ical  and such that y( ,o)  = const.  Also,  an(X) m u s t  m e e t  (14). 

We do not know the genera l  conditions for  (14) to be me t ,  but we have obtained a sufficient  condition. 
COnsider the a c c e s s o r y  ope ra t o r  L specif ied by the re la t ionship  

L ' ~ [ ( x ) = [ - ~ - - - ' - ? ( 2 x ) ] f ( x ) .  

We seek  L a s  a s e r i e s  in f ract ional  de r iva t ives :  

L~ (x) = 

We substi tute (18) into (17) and use (7) and (8) to 

2h~. = 

I 

h.(x) ~ . _ _  t (x). 
n --o d x T --n 

get a s y s t e m  of r e c u r r e n c e  re la t ionsh ips  for  h n ( x ) :  

h o = '; 

2h, = v (2~), 

- h ~ , -  h;, 

2h. = - -  s 
n-l k + ~ - .  / I "-~ 

hkh,~-tt - ~ n-I 
k=, s='~l k=l \ S  

(17) 

(18) 

(19) 

. . . . . . . . . . . . . . . .  o . . . . . . . . .  

I f  T(x) -> 0 and all  T(n)(x) _> 0, the signs of all t e r m s  on the r igh t  in each equation a r e  identical ,  while 
the signs of the hn(X) a l t e rna te ;  i t  is  c l ea r  that  the ]hn[ exceed the t e r m s  ICn[ of the s y s t e m  

2c I = V (x), 

2C,, ~ C I , 

2c~ = 4 + q q  + clc~, (20) 

a - - I  

2c j =  c;_, + ~ c~c._~_l, 
k-.----~| 

�9 . . . o  �9 . ~ . . . . .  �9 

which in turn  exceeds  s y s t e m  (11), as  I Cnl _~ [an_ 1 I. 
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On the o the r  hand,  we can  find the exac t  va lues  of  the hn(x) on the bas i s  tha t  
< 

- -  j v(2x)ax d i i2  ~ v(-'2xIdx 
L [  (x)  = e o - -  e ~ [ (x) .  (21) 

d x V 2  

as  can  be seen  by d i r e c t  t e s t  on (17); we expand (21) as  the s e r i e s  of  (18) with the condi t ion of  (8) to get  

1 - f ~ z ~  d" fv~2~,~ 
h,,  (x)  = e ~ - -  e b ( 2 2 )  

d x  n 
/ . , ,  

As lan_ 1 l -  < [Cnl ___ Ihn[ and as  l im{~r  }~ O ( 1 / r  we get  the suff ie ient  condi t ion  for  ( 14 ) to  be met .  

Jr x 

l i rne 'o  - -  e 6 -~0(]. n.). (23) 
n -  | d x n  �9 

If  any of  the de r i va t i ve s  7(n) a r e  nega t ive ,  the r e l evan t  h n should be d e t e r m i n e d  f r o m  (23), with 7 
r e p l a c e d  by 7 " ,  which is de r ived  f r o m  3' by r ep lae ing  all  the negat ive  d e r i v a t i v e s  by pos i t ive  ones .  

The  fol lowing a r e  the e x p r e s s i o n s  for  s o m e  of  the f i r s t  an(X): 

~/ . " ~ "  
a o = 1 ;  a~=O;  a o = - ~ - ,  a , ~ = 4 ;  a~ ~'" 7~- 

" 8 8 

1 
I:/9 - -  

? " '  "l'~" . "l TM 5 ,.. 3 ., ~,3 . 
a s  , a 6  - -  "l'  - - -  - -  �9 

16 4 32 32 - i6  -~'v = 16 

1 9 ~ , , ,  1 1 a , - - - -  ./v _ ~,~,,,, _~_ .~,~,,; 
64 - - - ~ -  8 -  

15 5 1 .fvx _ 19 ,, 7 ~'"i"" 5 .~,.~,Iv - -~- ' l ' l "  + 64 ~2,,, __ _ _  ~,~; 
a8 = 1 2 8  1 2 8  ? - -  - ~ -  - -  6 4  - -  128 

. . . . . .  .l,vir 17 't'"~"" 5 3 , 15 , 27 ' " @6 "I'~'~"" 1 __  _ _  _ _  . ~ _  ? ' ? w  __  _ _  ~,,~,x" _~_ 7 ~ -t- - ~  y'r y + ,~,s?,; ( 2 4 )  
256 64 64 - ~ -  - - -4-  

1 .l,v m 69 ~,,,,, 55 27 7 
aar,-- 512 - -  51----2- - -  25--6 v r v ' l " -  25--6-v'vv-- 25--67v'rt 

221 ,.:,, . 133 ,, . 49 ,,,,,_~_ 35 @l,w__ 175727,, 35 7 
"~- ~ ' ~  ; --  25--6- '~'~' -t- ~ ?Y "~ - ~  2.56 - -  12--8 ?~" : 256 ?s; 

1 .~,IX 125 ?,,?w__ 83 35 .l,,vv I 1 ??vxI 
a , ,  = - 51---Y 51--U 51-  - -  6--Y 

3 2 v 15 , ,, 27 2 , - I 3, . . . .  I 4 , 
128153 ~,,.f.-- . . . .  2562257"~' . . . .  ~- --i-6- 7"1' " 1 ' 1 7  . . . .  ='" -~- "V~5 ,,,yw _,._ _~_ y ? .  - -  -'i-6-- "l Y - -  -i~-? "l' ? - - -~-  V ~ ~ - ~ 7 7 .  

We now d i s c u s s  the advan tages  and d i sadvan tages  of  this  me thod  r e l a t i ve  to the c l a s s i c a l  me thod  of  
f inding q0 f r o m  (1)-(4), which  is as  fol lows.  Equat ion (1) a f te r  Lap lace  t r a n s f o r m a t i o n  b e c o m e s  

i d" } 
! d x  2 - -  [p + y ( x ) ]  T = 0 .  (25) 

We find the so lu t ion  to the l a t t e r  tha t  s a t i s f i e s  the condi t ions  of  (2)-(4), which is d i f fe ren t ia ted  and wr i t t en  
for  x = 0; a f t e r  t r a n s f e r  to the o r ig ina l  we get  the functional  r e l a t ionsh ip  be tween q0 and T 0, 

The  advan tages  of  this method  a r e  as  fol lows:  1. We do not need to solve  (25) with va r i ab le  coe f f i -  
c i en t s ;  the ope ra t i ons  involved in f inding the a n appea r ing  in (16) a r e  v e r y  s imple ,  s ince  they involve only  
d i f fe ren t i a t ion  and a l g e b r a i c  t r a n s f o r m a t i o n .  In  pa s s ing  we have  found a gene ra l  so lu t ion  to (25) in the 
f o r m  of (13) that  s a t i s f i e s  the condi t ion of being bounded fo r  x --- ~ .  2. The  method  is appl icable  without  
subs tan t ia l  change to p r o b l e m s  with in sepa rab le  v a r i a b l e s  [1, 2], which cannot  be so lved  by the c l a s s i c a l  

me thod .  

D e f i c l e n c l e s o f  the method :  1. The  so lu t ion  is obta ined  as  a s e r i e s  of  spec ia l  f o r m  convenient  for  
p r a c t i c a l  ca lcu la t ions  for  not  v e r y  l a r g e  t. To  s impl i fy  the solut ion fo r  a wide r ange  in t one has  e i the r  
to sum the s e r i e s  In (16) o r  e l se  to subs t i tu te  manua l ly  a suff ic ient ly  l a r g e  n u m b e r  of  an f r o m  (11). Then  
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the c l a s s i ca l  method is  m o r e  appl icable  if the exact  solution to (25) is  known. 2. The solut ion can be ob-  
tained by this method in a v e r y  s imple  fashion only f o r a  semiinf in i te  region;  if  the region is  finite,  one 
has  to cons ider  solutions given by both f ac to r s  in (5). I t  is found that  then it is imposs ib le  to der ive  exact  
va lues  for  the an and b m i n  (5) for  a r b i t r a r y  T. On the o ther  hand, the solution by c l a s s i ca l  methods  for 
a finite reg ion  is  in no~way m o r e  compl ica ted  than that  for  an infinite one. F o r  ins tance ,  [6, 7] give a 
solution for  a finite in te rva l ,  f r o m  which one can eas i ly  find the re la t ionship  between q0 and T o (in our  
symbols ) .  

Example .  Le t  T0(t ) = s t ,  T(x) = fix; (23) is m e t ,  and then f rom (16) with (9) and (11) we get 

tt /2 [~ t ~ 5[33 t 7 /~- 15~ 3 t s 295~ ~ t 1s/2 
- -  . . . 

- a - ' q ~  r(3/2~ + 4 -  r(3) 32 r(9/2) -~ 64 r(6) 512 I"(15/2) (26) 

F o r  a s teel  rod  ( x  = 2 . 1 0  -5 m 2 / s e c ,  R = 10 -2 m) with a i r  blown over  it  a t  r o o m  t e m p e r a t u r e  we 
a s s u m e  B = 2 -102 l f m  3, and the l a s t  t e r m  wr i t t en  out in (26) is 1% of the f i r s t  up to t ~. 1200 sec .  

Th is  method is appl icable  a lso  to calculat ing per iodic  p r o c e s s e s ,  where  ins tead of (6) we use  a d i f -  
f e ren t  definit ion for  f ract ional  di f ferent ia t ion.  F o r  the per iodic  function cos  wt we have 

d ~ c o s ~ t _ ~ c o s  o~t~--~-~ , 
d/- 

and the solution for  a per iodic  T0(t) is  given by (16), where  the expres s ion  of (27) is to be unders tood for  
the symbo l s  for  f ract ional  differentiat ion.  

I am indebted to Ya. S. Uflyand and A. S. Z i l ' b e rg l e i t  for  deta i led d i scuss ion  of the work.  
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N O T A T I O N  

is the coord ina te ;  
is the t ime ;  
is  the t e m p e r a t u r e ;  
is the t e m p e r a t u r e  a t  rod  end; 
is  the t e m p e r a t u r e  gradient  a t  r od  end; 
a r e  the coordinate  functions in the f rac t ional  der iva t ive  s e r i e s ;  
is the aux i l i a ry  ope ra to r ;  
is the rod  rad ius ;  
is the va r i ab l e  in Laplace t r a n s f o r m  var i ab le ;  
a r e  constants  in the numer ica l  example ;  
is  the va r i ab l e  h e a t - t r a n s f e r  coeff icient ;  
is  the t he rm a l  diffusivi ty;  
is the f requency;  
a r e  the summat ion  and different ia t ion indices.  
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